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ABSTRACT

Let G C Aut .# be a countable group, .# a Von Neumann algebra. Let Ebe a
set of pure states on .# such that G*E C E, S be the set of G invariant states
on .# and S§ = S¢ N w*cl co E. We investigate in this paper some geometric
properties for the set S which turn out to be equivalent to amenability for
the group G. For example, we show that S§ C .#, (Sf has the WRNP)
implies that .# contains minimal projections (E contains finite G invariant
orbits) hold true, for all .# iff G is amenable. Furthermore we show that if G is
amenable then S¢ N .44 contains a big set, thus improving results obtained
by Ching Chou in [2]. These results imply that no action of an amenable
countable group G on an arbitrary W* algebra .# is s — strongly ergodic.
Moreover card S% N .# 1 = 2¢ (see M. Choda [4], K. Schmidt [21] and com-
pare with A. Connes and B. Weiss [5]).

Introduction

Let .# be an infinite-dimensional W* algebra, .#* (.#,) its dual (predual).
Let Aut .# be the group of all automorphisms of .# onto # and G C Aut # a
group. Let E C .#* be a set of pure states (as in [23]) (usually) such that
G*E CE (i.e. g*E C E for all g in G, where (g*y, x) =y, gx) if wE M*,

Denote by S¢ the set of all states y in .#* such that G*y = y (i.e. g*y = yfor

all gin G). Let S§ = S¢ N w*cl co E where w*cl denotes w* closure and co E
the convex hullof E. If # C 4, let #°= {yEM*; (y,x) =0forall xin #}.

t The author gratefully acknowledges the support of an Izaak Walton Killam Memorial Senior
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If E is the set of all pure states on .#, then clearly S§ = S¢, while if # = {0}
then S¢ N #0=S§.

Our first result is a characterization of amenability for G in terms of minimal
projections in ., namely:

THEOREM 1. Let G C Aut 4 be a group, E C .#* a set of pure states such
that G*E C E and ¢ countable. Assume that & # Sg N #°C M.
(a) If G is countable and amenable then .# contains minimal projections.
(b) If G is not amenable then the action of G on M = L*(TC, AC) is such that
S¢ C M, yet M does not contain minimal projections.

Part (b) of the theorem is an immediate consequence of the following
interesting result of Losert and Rindler [15] and, independently, of Rosenblatt
[17): “If G is any nonamenable group, then the ergodic measure preserving
action of G on . = L®(T¢, AS) admits a unique invariant state, i.e. S¢ =
{A®}”. Here T¢ = {I1 T,; g €G} is the product group of T, = T (the torus) for
each g in G, equipped with its Haar measure A,

The next result is concerned with the “bigness” of the set S°. Let

Co= {b = (bk)eloo’ ll’l;n bk = 0}

and Z be the set of states won /* such that ¥ = Oon ¢, (i.e. (¥, 6,) = Oforalln
where J, is defined as zero atall k # nandisoneatk = n). ThuspN ~N C #
and card SN ~ N = 2¢, where ¢ = card R is the cardinality of the continuum.
Furthermore BN ~ N is a w* perfect set such that if y,, y,€SN ~ N and
¥, # ¥, then ||y, — ¥, || = 2. In particular & is as “big” as it can be, since
card(/®") = 2¢.

Denote by .#* ~ .#, the set theoretical difference between .#* and .#, C
AM*. We now have

THEOREM 2. Let # be an infinite-dimensional o-finite W* algebra (see
[23] p. 78) which contains no minimal projections. Let G C Aut # be a
countable amenable group and E a set of pure states on M such that G*E C E. If
for some countable § C M, SE N F°+ & (F = {0} is such), then S° N F°N
(M* ~ M) contains a w* and norm isomorphic copy of the big set F.

If G is not amenable, then the action of G on M = L*>(T®, A°) is such that
S¢ = {A®}, thus card S¢ = 1.

We note that the set S¢ N (.#* ~ .#,) need not be big. Even if G = {e} is
the trivial group, S§ N (#* ~ .# ) may contain just one element. Neverthe-
less, by the above theorem S¢ N (#* ~ .#,) has to be “big”. Furthermore
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SN £°N (M* ~ .#,) may contain F, yet S N #° N M= & may happen.
(4 is the set of singular elements of .#* as in Takesaki [23] p. 127.)

Why are we interested in S¢ N #° where # C . is countable, instead of
only in SZ? It happens that one is interested in a set of states which are G
invariant yet are not invariant with respect to some maps h,: . # — 4,
n=1,2,3,...(a “symmetry breaking” situation as in [18]). In such a case
there exist some ¢, ESE, x, €4/ and scalars «,, f, such that ¢q(x,) = a,,
¢o(h,x,) =B, for all n. Hence, if we take # = {x, — e, I} U {h,x, — B.I},
then ¢,€SE N #° One may then be interested to find out when Sg N #° has
the WRNP (see Theorem 3) or when S¢ N #° contains # (as in Theorems 2, 7
and 9).

The following is a result of Ching Chou:

CoRrOLLARY (Ching Chou [2]). Assume that G is a countable amenable
group acting ergodically as measure preserving maps on a nonatomic prob-
ability space (X, B, p). Then there exists a positive w*-w* continuous
isometry into, t*: [°* — L°(X)* such that t*# C S°.

We improve this result in

THEOREM 7. Let .# be an infinite-dimensional W* algebra, G C Aut 4 a
countble amenable group. Then there exists a sequence of o-finite projections
{g,; n = 0} such that g, 1 q, o-strongly, g9, = q, for all g in G and a positive
w*-w* continuous isometry into t*: [** — . * such that t"(F) C S° N M N
P® where P = {q,;n 2 1} U {I — q,}.

The main result of Ching Chou in [2] is the

THEOREM. Let G be a countable group acting ergodically as measure
preserving maps on the nonatomic probability space (X, B, p). If the set S¢ of G
invariant states on M =L>(X, p) contains some state W,+ p (thus
Wo € LY(X, p)) then there exists a positive w*-w* continuous isometry into
r*: " — #* such that (*F C S¢.

We improve Chou’s result in

THEOREM 9. Let G C Aut ./ be any countable group acting on the o-finite,
infinite-dimensional, W* algebra # . Assume that there is some ¢, in S¢ which
is not normal. Then there is a sequence of projetions q, 1 I, a-strongly, and a
positive w¥—w* continuous isometry t*: I°* — M * such that t*F C S¢ N M4 N
P where P = {q,}.
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In Chou’s proofs essential use is made of the fact that G preserves the finite
measure p, thus p is a finite G invariant faithful trace on .# = L*(X, p). In our
case .# need not admit even a semifinite faithful trace.

This paper contains results related to the theorem announced on p. 760 of
our paper [13].

We bring hereby a short errata to [13]:

On p. 755" replace (X, 8, u) by (X, A, 11). On p. 755, and 755, replace S
by G. On p. 758 footnote to Corollary 2: “Using recent results of
N. Ghoussoub, G. Godefroy, B. Maurey and W. Schachermeyer one can
replace RNP by WRNP in this corollary. Corollary 4 becomes thus super-
fluous.” On p. 758% replace S§ by S£. On p. 760, replace “is” by “improves”.

Definitions and notations

Throughout this paper .# will denote an arbitrary W* algebra, .#* (#,) its
dual (predual) and 7 €.# the identity. Then, as is well known (see Takesaki
[23] p. 127), #* = H D My, an [, direct sum, where .4 denotes the set of
singular functionals on .#. .#* ~ .# , will denote the set theoretical difference
of .#* and 4, . A self-adjoint projection in .# will be called a projection. If
pEM* is positive then (m,, Hy, ;) will denote the GNS representation
induced by ¢ as in [23] p. 39 Theorem 1.9.14. B(H) is the W* algebra of all
bounded operators on the Hilbert space H.

Let G C Aut .# be a group, E a set of pure states on .# (usually) such that
G*E CE. Let S§ = {wEw*clco E; G*y = y} and, if E is the set of all pure
states, denote S¢ by S¢. If A C .#*, w*G(A) denotes the w*G; points of 4. If
A C . #* is w* compact then x,Ew*G;(A4), iff for some countable # C .#,
{xo} =A4 N #° Then x,E w*G;(4) iff the w* topology restricted to A is first
countable at x;.

If L* = L*(X, u), A, - denotes the set of all multiplicative (i.e. pure) states
on L=, In all the theorems where the isometry (isomorphism) ¢*: [*" — #*
appears, £* is the adjoint of an onto positive operator ¢ : # — [® as defined in
the proof of Theorem $ or in Theorem 1.4 of [12].

A convex set K of a Banach space X has the (WRNP) RNP if, for any finite
measure space (Z, B, u), any countably additive 4-continuousmapm: B — X
such that u(4)'m(4)EK if u(A4) +# 0 is represented by a Bochner (Pettis)
integrable function. For very interesting geometric properties of RNP
(WRNP) sets see Stegall [22] (E. Saab [19]). J, will always denote the sequence
0, = {07} where 6; =0 if k # nand 6! = 1.



Vol. 69, 1990 AUTOMORPHISMS ON VON NEUMANN ALGEBRAS 325

The term “o-finite” for a W* algebra (projection) is the same as “countably
decomposable” in Kadison-Ringrose [14]. If K C .#*, w*seq cl K denotes the
w* sequential closure of XK.

I. Amenability, minimal projections and WRNP

THEOREM 1. Let G C Aut . # be a countable group, E a set of pure states on
the W* algebra # such that G*E C E and § € M is countable. If G is amenable
and if &+ SE N F°C M, then M contains minimal projections.

If G is not amenable, then the action of G on L*(T%, A%) with E = A«
and § = {0} satisfies S¢ N #°=(A°}YC M, yet M contains no minimal
projections.

PrROOF. Assume that S¢ N #°C #,. Then SZ N #° is a weakly, ie.
o(M ,, M) compact set (since it is w* compact in .#*). In particular S¢ N #°
has the RNP (by Stegall [22] p. 508). Hence in any case Sf N #° is a w*
compact convex RNP set and as such it has some w*G; point ¢, (by [22]; for an
alternate proof see [11] p. 116). Applying our Corollary 1(a) of [13] we get that
there is a countable subset E, C E such that

(%) m, =7, ={Dn,; EE,) for each y €E,,.

However (n,, H,, £,) is a normal morphism of .# (since ¢, is normal); see
Pedersen [16] 3.3.9. Hence 7, (.#) is a W*algebra, by [16] 2.5.3, and 7, (A ) is
isomorphic to .#g for some projection gE.# N .#’, by [16] 2.5.5. If now
w EE,, then by (%)

(//(X) = <7tl//(x)éw: €w) = (nq}o(x)él’ él): for some élEHaw

Since 7, is normal, it follows that  is normal. Hence x,(.#) is also a W*
algebra. However, the W* algebra generated by the C* algebra n, (#) is B(H,)
since 7, is irreducible. Hence n,(.#) = B(H,) and, as above, ,(.#) is isomor-
phic to a W*subalgebra .#q, of #. Since B(H,) contains minimal projections,
so does .#. This proves the first part. For the second part, we only need to note
that (7¢, 19) contains no atoms hence .# has no minimal projections (see
Introduction). [ ]

THEOREM 2. Let M be a o-finite W* algebra and contain no minimal
projections, G C Aut # be countable amenable, E a set of pure states such
G*E CE. Then for every w*Gs set U C M* such that UNSE + Q& (or
any U= ¢#° for some countable # C .M with SENU=*J) satisfes
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SENUN{M*~M,}+ S and furthermore S NU N {M* ~ .M.} con-
tains a w* and norm isomorphic copy of the big set F (see end of proof).

If G is not amenable, the action of G on L*(T€, A°) satisfies for E = A;-,
F={(0},Sfng'=8°={1% c.u,.

REMARK. The set S§ N #°N {#* ~ .4 )} need not be big. It may contain
just one element. For example, if G = {e} is the trivial group acting on . =
L~[0, 1] and if E contains only one pure (i.e. multiplicative) state {¢,} and
F={0}, then S¢ N #£°N {*~ .4} = (). However S° N #°N {l*~ 4.}
is big.

PrROOF. Let ¢,€U N Sg, then there are w* open sets U, such that ¢, €
N, U, NS¢ = U. For each n there is a w* neighbourhood

Vn ={¢,|(¢_¢l)(xl?)| <&, 1 ékékﬂ}

such that V, NS¢ C U, NS¢ where x! €E.#. Let of = ¢,(x}). Then V=
(pEM*; 0(x})=0a] , k =k,} satisfies p,€EVINSICV,NSE. Let #=
{xt —afl; k,n = 1}. Then

HESENF'= N VINnSFcUNSE.

Our Theorem 1 implies that S§ N #°N (* ~.#,} # . (If U= #° then
clearly S N #°N {* ~ 4} #+ &) Let now

GBESEN N {M*~ M, }CSENUN{M*~M,).

Since .# is o-finite and ¢, is not normal there exists a sequence of pairwise
disjoint projections p, in .# such that d = ¢y(Z° p,) > ZP o p,) (see [23]
p. 136 Cor. 3.11). Let d, = ¢o( p,) and Sy, be the set of normal states on .#. Let
Fi=FU{p,—d,I;n=1}anddenote 4 = w*cl Sy N S¢ N #9. Clearly ¢, €
A and A N w*seq cl Sy = . This holds since w*seq cl Sy = Sy ([23] p. 148)
and any ¢€ Sy satisfies (2 p,) = Z{° ¢( p,). But then our Theorem 1.4 of [12]
p. 158 (see also p. 171) implies that there exists a w*-w* continuous norm
isomorphism into ¢*: [** — #* such that t*# C 4. Thus thereisa d > O such
that || *¢|| ZJ || ¢| for all ¢. If H =t*(BN ~N) then ||y, —w, || =20 if
v, # y, are in H (since || ¢, — ¢, || =2 if ¢, # ¢, are in BN ~ N), card H = 2°¢
and H is a w* perfect set. [ |

REMARK. Let # be countable be such that S¢ N #°+ &. Then our
Theorem 2 only insures that S¢ N #°N {M* ~.#,} # &. It may though
happen that S° N #°N M= & and afortiori S N F°N M5 =& . Infact let
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M =1°, G ={e} be the trivial group. Let $,E(I*), =/' and ¢,E(/); be
states on .. Let ¢, = 3(¢, + ¢,) and a,, = ¢((J,). Let £ = {6, —a,[;n Z 1}. If
E is the set of all pure states, then S¢ = S% and ¢,€S° N #°N {M* ~ M, ).
Yet SS N #£°N #L= . Since any ¢ in this last set satisfies ¢(d,) = a, =
lg6,) and Z,6,0,)=1 since ¢, E/' is a state. Thus @&(*),=
{wel°*; y =0o0n ¢}

We will need in what follows the following important result of Ghoussoub,
Godefroy, Maurey, Schachermeyer, Haagerup [8]."

LemMAa GGMSH. Let D be a w* compact convex subset of the dual of a C*
algebra (or of the dual of a Banach lattice not containing c,). Then D has the
RNP if and only if it has the WRNP.

Proor. By Cor. VIL 5, p. 93 of [8], D has the RNP iff it has the W* RNP
since D C A*, which is the predual of 4**. But by [8] p. 80, just preceding
Theorem VI. 12, WRNP and W* RNP coincide for w* compact convex subsets
of duals of Banach spaces. |

REMARK. If G C Aut .# is a group and E a set of pure states on .#, let
E= {n,; pEE}/ ~ where n, is the GNS representation induced by ¢ and ~
denotes unitary equivalence. Then gE = E means that {m,;9€EE}/ ~=
{myog;, E€EE} ~ asin [13] p. 755.

We have now the following improvement of our Corollary 2 [13] p. 758:

THEOREM 3. Let G C Aut.# be a group and E a set of pure states on M.
Assume that for some countable § C M, S§ N #°+ & and has the WRNP.

(a) If G is countable and amenable, then every subset E, C w*cl E such that
G*E, CE, and S§ N #°# & contains a finite subset E, C E, such that §E, =
E, forallg€QG.

(b) If G is not amenable, then the action of G on L*(T°, 1) is such that if
E =A;», § ={0} then S N #°= 8% =(A®} (which is finite-dimensional a
fortiori) has the WRNP, yet for each g€ E, G*¢ is infinite.

Proor. Lemma GGMSH implies that S¢ N #° has in fact the RNP. The
proof is then reduced to that of Cor. 2 on p. 758 of [13]. [ |

t Many thanks are due to N. Ghoussoub for providing us with a preprint of {8].
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REMARK. This theorem implies that RNP can be replaced by WRNP in
our Cor. 2 and Cor. 3 on p. 758 of [13] and makes Cor. 4 of [13] superfluous.
Furthermore, Lemma GGMSH shows that RNP can be replaced by WRNP in
our Theorem 4 of [11] and makes Proposition 5 of [11] superfluous.

II. “Bigness” properties of S¢ N .#%

The main results of this section are Theorems 7 and 9.

LEMMA 4. Let # C B(H) be an infinite-dimensional W* algebra and
G C Aut # countable and amenable. Then there exist o-finite projections q,,
n=0,1,2,...in4 and y,€S® N M such that: gg,= g, forallgin G, q, 1 g,
o-strongly, w(go) = 1 and w(g,)=0ifn 2 1.

Proor. If .# is not o-finite, there is an infinite sequence {4, } such that
(k) L{#h)ifk+j,n=1,2,3,...where.# isthe commutant of .# and
[#'K] is the closed linear span of {mh; mE.#', h €K} (see [23] p. 78). Let
Hy={h,} and p,€.# the projection onto [.#'H,]. Then py.# p, acting on
poH = [.#'H,] is o-finite, since the countable set H, is separating for p,.# p,
and by [23] p. 78 (3.19). Thus p, is a g-finite projection by definition. Note that
if p, €4 is the projection onto [.#’h,] then py= p, and p,p; =0 if i #,
i,jz 1. Thus { p,}{° C pot p, and po# p, is infinite dimensional. Now for
each gE€G, gpytlgp, = g(pe# py) is also a o-finite since g EAut .#. But,
since G is countable, g, = sup { gpy; §E G} (denoted by { v gp,; g€ G} in [23]
p. 290) is also a o-finite projection in .# (see [14] p. 380, ex. 5.7.45) which in
addition is such that gg,= g, (since clearly gyq, = sup{gwgpry; g€EG}=
sup{gpy; §EG } = qo). It follows that g,.#q, is a o-finite W* algebra acting on
¢oH which is infinite dimensional, since go.# g, O g( pp# py) is infinite dimen-
sional for each g€ G. Clearly g(qo#qy) = go# g, forall g€ G. Now if A" is a
W* algebra such that dim A" = oo, then A/ * = A", @ A5 by [23] p. 127 and
furthermore A5 # {0}. If A5 = {0} then #™* = A", and A would be a
reflexive W* algebra and hence by S. Sakai’s result in [20] would be finite
dimensional. Let now ¢ be a singular ([23] p. 127) state on A" = g,.#q, acting
on g,H. If # is o-finite take gy =1 and A" = 4. G acts on gy.#q,. Hence
G*={g* g€G} acts on (gu#q,)*. By the Markov-Kakutani-Day fixed
point theorem there is some ¥ €Ew*cl co{ G*¢} such that G*y = y. But each
2*¢ is clearly a singular state on gq.# g,, for example by Theorem 3.8 on p. 134
of [23], and y is in the w* closure of a countable subset of co G*¢ (all of whose
elements are singular) since G* is countable. Using now Prop. 5.8 on p. 154 of
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[23] we get that y is a singular G* invariant state on the g-finite W* algebra
do# q,. Thus there is a net of projections g, 1 gy, the identity of ¢,.#q, being
such that w(g,) = 0; see [23] p. 154.

Let (by Takesaki [23] p. 78) w be a faithful normal positive state in (go.#qy), -
Then w(g, — ¢,) — 0. Choose g,, such that w(g, — ¢,,) <1 and if g, was chosen
let ¢, =g, be such that w(go—g,, )<l/n+1. If g,=gq, then g, 14
ultrastrongly, g, are o-finite and w(g,) =0 if n = 1 while y(gy) = 1.

Let now y,E.4* be defined by wy(m)=y(gmq,). Then g*y,(m)=
w(gogmq,) = w(gomq,) = Wo(m) and also yo(m) = w(m) if m € go# go. Thus y,
is a G*invariant extension of y, which satisfies ¥y(g,) = 0 and yy(1 — ¢;) =0;
thus wy(ge) = 1 = w(I). Hence y, € .#; N S as required. (If y, = y§ + y§ with
wi(wd) the singular (normal) part of y, then wy((I — ¢o) + qx) = 0 implies
Wil — go+ qi) = 0. Hence y5(1) =0, i.e. yo=¥5.) |

The following theorem is an improvement of Theorem 3.8 of Ching Chou [1]
which in turn improves our Theorem 1, p. 117 of [10]. The main idea of the
construction of the w*-w* continuous isometry ¢*: [** — #* is due to Ching
Chou [1]. The first and last parts of the proof necessarily differ from Chou’s
proof.

THEOREM 5. Let # be an infinite-dimensional W* algebra, g,: M ,— M ,
a sequence of bounded operators and F C M countable. Let K be a convex set of
normal states and A ={w*clK}N {pEM*;, g*¢=0, Yn=1}Nn £ If
&+ AC My then there exists a w*-w* continuous positive isometry into
1*:[°" — M* such that t*F C A.

REMARKS. The key word in the above theorem is “isometry”. Were we
content to only have £*to be a w*-w* positive norm isomorphism into (i.e. such
thatc [y Il =1t | = || v ||, for some ¢, > ¢, > 0, for all y) we could have
used our Theorem 1.4 in [12] p. 158 as done in Theorem 2.6, p. 171 of [12].
(We note that 4 C .#, implies that 4 C w*cl K ~w*seqcl K, since
w*seqcl K C #,, by [23] p. 148).

PrROOF. Let 9,EA C ;. Then for any normal state ¢ one has || ¢ — @ ||
= 2. Indeed, if Z, is the central projection in .#** for which .#, = .#*Z, (see
[23] p. 126) then ¢Z, = ¢ and ¢y Z, = 0. Thus

He—¢oll =1@—d)Zoll + 1| (¢~ )1 —Zo)|
=19Z || + I 6l — Zo) || =2
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by [23] Theorem 2.4, p. 127. If now ¢, is any net in K such that ¢, — ¢,
in w* then lim, || ¢, — ¢ || =2 for any normal state ¢ since lim || ¢, — ¢ || =
| #%o— ¢ || = 2. The above replaces the need for Lemma 3.1 of Ching Chou [1]
p. 214. Let now ¥, a net in K be such that i, — ¢, in w*. Then w*lim, g**y, =
g¥*¢,=0 and (x, w,)—0 for all x in #. Using now our extension of an
argument of Namioka [9] p. 18 (as in [12] or [1]) there is a net ¢, of convex
combinations of {y,} such that ¢, — ¢, in w*, || g,4, | >0 Vrand(x, 4,)—0
for all x in #. As above | ¢,—¢@| —2 for all normal states ¢. Write
F ={x,;;n=1,2,...}. Choose now a sequence ¢, such that || g4, || <1/n
and |(x;, @, )| <1l/nfor all 1 =i =n and denote ¢,, by ¢,. Now as in [12]
p. 154 any w* limit v of a subnet {¢,,} of the sequence ¢, ncessarily satisfies
g¥*y =0and (y,x,) =0 Vn=1and hence y €4. But 4 C .4 by assump-
tion. Thus || ¥ — ¢ || =2 for any normal state ¢ and the same reasoning as
above shows that || ¢, — ¢ || — 2 for any normal state ¢. We can apply now
Ching Chou’s powerful Theorem 2.4 on p. 212 of [1] and get that there is a
subsequence ¢, of ¢, and normal states of y; such that || ¢, —y; || = 1/jand
the y; are mutually orthogonal, i.e. the support projections p; € # of y; (see
[23] p. 134) satisfy p; p, = 0 = p, p;if j # k. Thus {;} form a canonical |, basis
in #,, i.e. any linear combination of y; satisfies || Zf o;y; || = 2| ;|. In fact
if x=2HKa;/|e;])p; then ||x || =1 and (Zfay,, x) =Zfla,|. It is now
readily checked that || g,¥; | =0 and (x,, ¥;) — 0 for each fixed n. Further-
more the operator i:/,— ., given by i : {a;} = Z{ a;y; is an into isometry,
ie. || i{a;}° || = 2Pyl Also idy =y, and i 2 0, i.e. if o; 2 0 for all j then
i{a;}= 0 in .#,. But then if b = {b,} €=, define HE. to be any norm
preserving extension of the linear functional 4, on i(/') given by:
(bo, Z{° a;y;) = 2 bjey;. Note that || B || = || Byl = sup, |6, 1= ] -
Thus i*) =b and ||b| =| b |l. But then since ||i*| =<1, ||i**¢| =
| ¢ || for any ¢€/=" and i**: [*" — .4* is an isometry into, which is positive
since soisi:/'— . 4,.

We show now that i** €4 if 6 € #. Clearly id, = y, and if x €. then for
fixed n we have (i**g¥*x, §,) = (x, g,w,) —~ 0 if k — 0 and also (i*x,, &) =
(X, W) =0 if k= o0.

Hence for all n, i*¢g*(.#) C ¢, and i*F C c,. Let now § €EF be fixed. Then
6 = 0 on ¢,. Hence

(g*%i**0, x) = (0, i*g*x) =0 and (i*0,x,)=(0,i*x,)=0.

We still have to show that i**§ € w*cl K to finish the proof. Here again we
differ from Ching Chou’s proof [1] p. 217.
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Since (0, 6;) = 0 for all k we have for all j = 1 that 6 Ew*cl co{d;; k = j}
thus i**0 €w* cl co{y,; k = j}. We note that if j is fixed then || ¢, —wy; || =
1/j,ifk = j. Henceif u = Zf_o apy+; EcO{W,; n Z j} thenp’ = 2 _o ay8,,, €
K will satisfy |[u—u'|| =1/).

For every finite set F C # and n = 1, j = 1 there is some v Eco{d;; k = j}
such that {(i**(v —8),x)|<1/n for all x in F. Let D be the directed set
{(B=(F,j,n), FC.# finite, n,j = 1} with (F',j’,n")Z(F,j,n) iff FCF,
n’z nandj’ zj. Then it is readily seen that thereisaneton D, {v;; BED} C
co{d;k=1} such that if B=(F,j,n) then v;Eco{d;k=j} and
| (i**(vg — 6), x)| < 1/n if x EF and such that v; — 6 in w*.

But then let u; = i**v; and 4} be the net containing ¢, at each place where y;
appears in i**v; = u,. Then pyEKand ||y —up || S 1jif = fy={Fo, k,Jj}
for any k and finite F, C .#.

Let now ¢ >0 and F,C .# be finite. Let ;= (F, ko, jo) be such that
[(i**(vg — 0), x) | <1/jy<el2, Vx EF,if f = f, and furthermore || x {| /jo <
/2 Vx€EF, Then VxEF,

[{up — 1**0, x) | = |(up — g, X)| + [(i**(vy — 0), x) |
< x | /jo) +e/2<e.
This shows that i**0 €Ew*cl K. Thus i**# C A. Denote t = i*. [ |

COROLLARY 6. Assumptions as in Theorem 5 except that &+ A C M is
replaced by AN .M+ & and M is o-finite. Then there exists a w*-w*
continuous positive isometry into t*: [** — #* such that t*F C A N M.

ProoF. Let ¢,€A4 N .#% and choose a sequence of projections p, 1/,
ultrastrongly in .#, such that ¢ p,) = 0 for all n (sece Takesaki [23] p. 154 and
Theorem 3.8 p. 134). Let #, = # U { p,}. Then:

A ={w*cl K} N {pEM*;g¥*o=0VnzZ1}n FIC.M; and ¢ EA,.

This is the case since if €4, and ¢ =¢" + ¢° with ¢" (¢°) the normal
(singular) part of ¢, then ¢( p,) = 0 implies ¢"( p;) = 0 forall k. Thus ¢"(I) =0
and ¢ = ¢° is singular. Apply now Theorem 5 to finish the proof. |

THEOREM 7. Let # be an infinite-dimensional W* algebra, G C Aut 4 a
countable amenable group. Then there is a sequence of g-finite projections
{q.; n = 0} such that q, t q, o-strongly and gq, = q, for all g in G, and a positive
w*~w* continuous isometry into t*: [°" — .#* such that



332 EDMOND E. GRANIRER Isr. J. Math.

FFCSENMLNP,  whereP={q,;nZ1} U {I —q).

Proof. Choose g, 1 ¢y and ¥, €S® N A4 as in Lemma 4. Let K be any
convex set of normal states such that y, € w* cl K (the set Sy of all normal states
is such). Let P = {g,; n Z 1} U {{ — g,}. Then

A={w*d K} N (6€E.M* G*¢=¢) NP'C ML and y,EA.

Since any g € Aut .# is ultraweakly continuous ([23] p. 135) g*.#, C 4, for
all g, hence for each g there is some g, : # ,— .#, such that g¥ =g. Thus a
direct application of Theorem 5 with {gF*} replaced by {(g, — )**; ¢€G}
finishes the proof. |

Since SN ~ N is a w* perfect set, as is well known, we have

COROLLARY 8. Theset H=t*(BN ~N)C S N 4N P°isaw*compact
perfect subset of cardinality 2¢, such that || ¢, — ¢, | = 2 for any ¢,, ¢, € H such
that ¢, #+ ¢,.

Theorem 7 and Corollary 8 improve substantially the following result of
Ching Chou [1] p. 649:

CoRrOLLARY (Ching Chou). Assume that G is a countable amenable group
acting ergodically as measure preserving maps on a nonatomic probability
space (X, B, p). Then there exists a positive w*-w* continuous isometry into
t*: [°" — Lo(X)* such that *% C S°.

We note that the action of G on our W* algebra need not be trace preserving
{4 need not be abelian or admit any faithful trace at all) or ergodic, and .#
may contain atoms. Moreover t*# contains only singular elements y such that
wig,)=0if n=1, w(g)=1. (Hence if r,=q, + (I —qy), n = 1 then r, are
projections such that r, 11, o strongly, and w(r,)=0 for all yE*F, n = 1.
This assertion is related to Theorem 1.4 (1) = (3) of Rosenblatt [17] p. 628.)

ReEMARK (1). The following is a result in K. Schmidt [21] p. 227.

THEOREM. Let G be a countable group and (X, B,u) be a standard
nonatomic probability space TFAE: (1) No ergodic measure preserving action
of Gon (X, B, n) is strongly ergodic. (2) No ergodic measure preserving action
of G on (X, B,1) has a unique G invariant state on L*(X,u). (3) G is
amenable.

Our theorem implies that amenable countable groups have a much stronger



Vol. 69, 1990 AUTOMORPHISMS ON VON NEUMANN ALGEBRAS 333

property than (2), namely: Every action (null set preserving but not necessarily
measure preserving) of G on any measure space (X, 48, ) such that 4 =
L>=(X, u) is not finite dimensional satisfies card S¢ N .#4 = 2¢. Furthermore,
the abelian .# = L*(X) can be replaced by any W* algebra with dim .# = «.

ReMARK (2). Let .# be a finite W* algebra with faithful normal trace t
such that t(/) = 1. Forafixed tlet {| x ||, = t(x*x)"?ifx E.#.Let G C Aut .«
preserve 7 and extend the action of each g €G to the canonical Hilbert space
L¥#, ). M. Choda [4] defines the action of G on .# to be s-strongly ergodic
if, whenever &, € L*(#, t) are unit vectors such that || &, — g&, ||, — 0 for each
g in G, it follows that || &, — (&)1 ||,— 0. She proves in [4], among other
results, that “The action of G on . is s-strongly ergodic if and only if 7 is the
unique G invariant state on .#.”

One can hence call the action of G on an arbitrary W* algebra .# to be
s-strongly ergodic if it admits a unique G invariant state. Then one gets that the
action of countable amenable groups on any W* algebra .# is never s-strongly
ergodic. In fact, moreover, dim S¢ N A4 = 2¢ (if dim A = ©).

For countable groups with property T (for ex. SI(nZ), n = 3) the situation is
strikingly different as the following result of K. Schmidt {21] and A. Connes
and B. Weiss [5] shows: “A countable group G has property T, iff any mea-
sure preserving ergodic action on any standard probability space is strongly
ergodic”.

The main result of Ching Chou in [1] is

THEOREM. Let G be a countable group acting ergodically as measure
preserving maps on the nonatomic probability space (X, B, p). If the set S¢ of G
invariant states on # = L™(X, p) satisfies { p} g SC, then there is a positive
w*—w* continuous isometry into t*:1°" — #* such that t*# C S¢. In par-
ticular, card S¢ = 2¢,

We note that G is not necessarily amenable here and that .# is a finite W*
algebra ([16] p. 166). Furthermore, due to ergodicity, { p} is the unique G
invariant normal state on 4 = L*(X). It is hence assumed above that there is
some y €5 which is not normal.

Ching Chou’s result is thus substantially improved in

TUEOREM 9. Let G C Aut # be any countable group acting on the o-finite
W* algebra M. Assume that there is some ¢,€ S which is not normal. Then
there is a sequence of projections g, 11, a-strongly, and a positive w*-w*
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continuous isometry t*:[°"— M* such that t*F C S° N .My N P° where
P={q,}.

ReMARK. Ching Chou’s proof in [1] p. 648 relies on J. Rosenblatt’s
Theorem A in which essential use is made of the fact that G preserves the finite
measure p (see [17] p. 627). In our case .# need not admit any faithful,
finite (or o-finite) trace at all and even if .# admits one, it need not be
preserved by G.

ProOF. Let Z,be the central projection in .#** such that .#, = .#*Z, and
ML= M*(1 — Z,), see Takesaki [23] p. 126, and M4* = .4 , D M, (an [' direct
sum). Then 5y = (1 — Z;) ¢, # 0 and 7, E€ .#; is positive (since @, is not normal
and Z, is central). But g*n, = n, for all g in G. To show this one notes that,
since g € Aut ., g is ultraweakly continuous ([23] p. 135), hence g*.#, C
M . Also, if pE 4, is positive, then g*¢ € ;. Since if p # 0 is a projection in
4 then so is gp, and there is a projection 0 # p; = gp such that ¢( p,) = 0 (see
[23] p. 134, Theorem 3.8), hence g*¢(g 'p)=¢(p,)=0and 0= g~ 'p,=p
since g is an automorphism. Hence again by [23] p. 134, Theorem 3.8, g*¢ €
M. Tt follows that

B0 = GoZo + Ol — Zo) = g*Bo = g*(90Zo) + §*(9ol — Zy)).

Since M * = M, D M5 is a direct sum, g*ny = g¥(Po(1 — Zy)) = ¢o(1 — Zy) = 1o
for all g. Thus n,E.4L. It follows that y, = no(I) ~'nE€E M5 N S¢. Now .« is
o-finite ([23] p. 78) hence, as done after Corollary 8, there is a sequence of
projections g, 1 I, a-strongly, such that yy(g,) =0 if n = 1. Let now K = Sy,
the set of normal states on 4. Then

WoEA ={w*cl K} N {yEu* g*y =yforgEG} NP C M,

by the same argument as at the end of Lemma 4. We apply now Theorem 5 and
get that there is a w*-w* continuous positive into isometry t*: [*° — .#* such
that *F C S N Mz N P, [ |

COROLLARY 10. The set H=t*(N ~N)C S Nn.#N P° is a w* com-
pact perfect set such that card H =2¢ and || ¢,—¢,|| =2 if ¢\, $,€EH and

¢l # ¢2-
REMARKS. What can one say about the cardinality of S in case G is an

uncountable amenable group? In this regard the following result of Z. Yang
[24] is of much interest;
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THEOREM. Assuming the continuum hypothesis, there exists a locally finite
(hence amenable) group G of cardinality c acting on a countable set X such that
there exists a unique G invariant state on M = [*(X).

Thus any attempt to generalize the theorems of this paper to uncountable
amenable groups G cannot work.
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